A Pythagorean relationship in the conjugate analysis (Interval Estimation and Its Related Topics) by 大西, 俊郎 & 柳本, 武美
TitleA Pythagorean relationship in the conjugate analysis (IntervalEstimation and Its Related Topics)
Author(s)大西, 俊郎; 柳本, 武美








A Pythagorean relationship in the conjugate analysis
(Toshio Ohnishi) (Takemi Yanagimoto)




. , $\mu$ $\eta$




$=\exp$ [ $\delta\{m\phi’(\mu)-$ e($’(p)) $\}$ ] $b(\mu)$ (1.2)
(1.1) , , .
, $b$ (\mu ) . $b(\mu)=|d\eta/d\eta|=\phi’’(\mu)$ , $\mu$
$x$ . (Diaconis
and Ylvisaker, 1979) ,
. , Raiffa and Schlaifer (1961) .
(1.1) (1.2) .
2 $p(x;\mu_{1})$ $p(x; \mu 2)$ Kullback-Leibler ,
$\mathrm{K}\mathrm{L}(\mu_{1}, \mu_{2})=\phi(\mu_{1})+$ r($’(/i2)) $-\mu_{1}\phi’(\mu_{2})$
. (1.1) (1.2)
$p(x;\mu)=\exp${ $-\mathrm{K}\mathrm{L}$ (x, $\mu)$ } $\tilde{a}$ (x),
$\pi(\mu;m, \delta)$ oc $\exp\{-\delta \mathrm{K}\mathrm{L}(m, \mu)\}b(\mu)$
. .




. $x$ $\mu$ $p$ , $d$ (a, $t$ )
. $\mu$
$\pi(\mu;m, \delta)\propto\exp$ [ $-\delta d$(m, $\mu$)}] $b(\mu)$ (1.4)
. , $m$ $p$ , $b(\mu)$ .
.
$d(\hat{\mu}, \mu)$ .
, (1.4) (1.3) $D_{p}$
, .
2.
(1.4) $\exp$ { $k($m, $\delta)$ } , ,
$k(m, \delta)=-$ log $\int$ exp{ $-\delta$d(m, $\mu$)} $b(\mu)d\mu$ (2.1)
. 2 Fisher .
.
2.1 (1.4) $m$ $\delta$ Fisher ,
(2.1) $k$ (m, $\delta$) $m$ .
$\pi(\mu;m, \delta)$ . $m$ .
$\mathrm{E}[\frac{\partial^{2}}{\partial m\partial\delta}\log\pi(\mu;m, \delta)]=\frac{\partial^{2}}{\partial m\partial\delta}k(m, \delta)-\frac{1}{\delta}\frac{\partial}{\partial m}k(m, \delta)$
, Fisher
$k(m, \delta)=\delta$k1 $(m)+k_{2}(\delta)$
. , $k_{1}$ (m) $k_{2}(\delta)$ . $k$ (m, $\delta$) $\deltaarrow\infty$
$k(m, \delta)\sim\log b(m)+\frac{1}{2}\log\frac{2\pi}{\partial}-\frac{1}{2}\log\delta$
$\overline{\partial m^{2}}d(m, m)$
. , $k_{1}(m)\equiv 0$ .
2.1 , $\mathrm{J}\emptyset \mathrm{r}\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{s}\mathrm{e}\mathrm{n}$ (1997) proper .
, $d$(a, $t$ )
$D_{p}= \{\sum_{j=1}^{p+1}hj$ (a){fj$(t)-fj(a)$ } $|$ (1), (2), (3) (4) }
. .
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(1) $d$ (a, $t$ ) $\geq 0$ , $a=t$ .
(2) $a$ $t$ $d$ (a, $t$ ) $=0$ , ,
$(\begin{array}{lll}f_{11,1}(t) f_{p++1,1}(t)\vdots \ddots \vdots p(t)f f_{+1,\mathrm{p}}(t)\end{array})(\begin{array}{l}h_{1}(a)\vdots h_{\mathrm{p}+1}(a)\end{array})=(\begin{array}{l}0\vdots 0\end{array})$
$a=t$ . , $fj,:(a)=(\partial/\partial a_{i})f$j(a) .
(3) (2) $a$ .
(4) $a$
$(\begin{array}{llll}h_{1,1}(a) h_{p,1}(a) h_{p+1,1}(a)\vdots \ddots \vdots \vdots h_{1,p}(a) h_{p_{\prime}\mathrm{p}}(a) h_{\mathrm{p}+1,\mathrm{p}}(a)h_{1}(a) h_{\mathrm{p}}(a) h_{\mathrm{p}+1}(a)\end{array})$
1 Kullback-Leibler $d(a, t)$ . ,
$h_{1}(a)=a,$ $h_{2}(a)=-1,$ $fi(t)=-\phi’(t)$ $f_{2}(t)=-\psi(\phi’(t))$ ,
$\sum_{j=1}^{2}hj(a)\{fj(t)-fj(a)\}=\phi(a)+\psi$ ( $\phi’$(t))-a$\phi’(t)=\mathrm{K}\mathrm{L}(a, t)$
, $\mathrm{K}\mathrm{L}(a, t)\in D_{1}$ .
, $d$(a, $t$ ) $= \sum^{p+1}j=1hj(a)\{fj(t)-fj(a)\}\in D_{p}$ . ,
$b$ (\mu ) $\int\exp$ { $-\delta d($m, $\mu)$ } $b(\mu)d$\mu $m$ ,
$\mathrm{e}\mathrm{x}’\mathrm{p}\{-k$ (\mbox{\boldmath $\delta$}) $\}$ . .
2.2
$\pi(\mu;m, \delta)=\exp\{-\delta d(m, \mu)+k(\delta)\}$ $b(\mu)$ (2.2)
$p$ (x; $\mu$ ) $=\exp${ $-d($x, $\mu)$ } $a$ (x) .
$\hat{\mu}_{S}$map $d$(x, $\mu$ ) $+\delta d$ (.m, $\mu$) $\mu$ .
,
$(\begin{array}{lll}f_{11,1}(\mu) f_{pp+1_{\prime}1}(\mu)\vdots \ddots \vdots\mathrm{p}(\mu)f f_{+1,\mathrm{p}}(\mu)\end{array})(\begin{array}{l}h_{1}(x)+\delta h_{1}(m)\vdots h_{\mathrm{p}+1}(x)+\delta h_{p-\vdash 1}(m)\end{array})=(\begin{array}{l}0\vdots 0\end{array})$
. (2) (3) , $j\in$ $\{$ 1, ..., $p+1\}$
$hj(x)+\delta$hj(m) $=c(x, m, \delta)h_{j}(\hat{\mu}_{smap})$
185
$c(x, m, \delta)$ .
{ $d$ ( $x,$ $\mu)+\delta$d(m, $\mu$)} $-$ {d(x, $\hat{\mu}_{s},)+\delta$d(m, $\hat{\mu}_{smap})$ } $=c(x, m, \delta)d(\hat{\mu}_{s’ nap}, \mu)$ (2.3)
.
2.2 $\hat{\mu}_{s’ nap}$ Yanagimoto and Ohnishi (2004b)
$\hat{\mu}smap=$ Argmin{d(x, $\mu)+\delta d($m, $\mu)$ }
$\mu$
. $b$ (\mu ) .






$=\mathrm{K}\mathrm{L}(\pi(\mu,\hat{\mu}_{smap}, \rho_{\min}), \pi(\mu,\hat{\mu}, \rho_{\min}))$ (2.4)
. , $\mathrm{E}_{post}$ , \rho mi (2.3) $c.(x, m, \delta)$ .





. (2.4) . $\rho_{m1n}.>0$ , (ii)
. $f\pi$ ( $\mu;\mu$^smap’ $\rho_{\min}$ ) $d\mu=1$ $\rho_{rnin}$
, (iii) . $\text{ }$
3.
location-dispersion family . Ohnishi and Yanagimoto
(2003) , $p_{\kappa,\gamma}(x-\mu;\tau)\propto\exp\{-\tau d_{\kappa,\gamma}(x-\mu)\}$ location-
d persion density .
$\circ$
,
$d_{\kappa,\gamma}(t)= \frac{1}{\kappa+\gamma}(\frac{e^{\kappa t}}{\kappa}+\frac{e^{-\gamma t}}{\gamma}-\frac{1}{\kappa}-\frac{1}{\gamma})$
, $\kappa$ $\gamma$ . p , $\gamma(x-\mu; \tau)$
. , $\kappa=\gammaarrow+0$ , $\kappa=1,$ $\gammaarrow+0$
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. 2 Bhattacharyya bound location family
(Rnaka, 2003) .
$d_{\kappa,\gamma}(a-t)$ $D_{1}$ . Ohnishi and Yanagimoto (2003)
$d_{\kappa,\gamma}(x+y)=d_{\kappa,\gamma}(x)\tilde{d}_{\kappa,\gamma}(y)+d_{\kappa,\gamma}’(x)d_{\kappa,\gamma}’(y)+d_{\kappa,\gamma}(y)$
. ,
$\tilde{d}_{\kappa}$ , $\gamma(t)=\frac{\kappa\gamma}{\kappa+\gamma}(\frac{e^{\kappa t}}{\kappa}+\frac{e^{-\gamma t}}{\gamma})$
. ,
$d_{\kappa,\gamma}(a-t)=d_{\kappa,\gamma}$(a) $\{\tilde{d}_{\kappa,\gamma}(-t)-\tilde{d}_{\kappa},\gamma(-a)\}+d\mathrm{f},\gamma(a)\{d_{\kappa,\gamma}’(-t)-d_{\kappa,\gamma}’(-a)\}$
, d , $\gamma(a-t)\in D_{1}$ .
$\gamma=\kappa$ .
$p_{\kappa,\kappa}(x- \mu;\tau)=\frac{1}{2K_{0}(\tau\kappa^{-2})}\exp[-\frac{\tau}{\kappa^{2}}\mathrm{c}\mathrm{o}$ sh$\{\kappa(x-\mu)\}$ ]
. hyperbola family . 2.2 hyperbola hy-
perbola , , .
, hyperbola family
. , hyperbola family $\kappaarrow+0$ $N(\mu, \tau- 1)$ ,
$\tau=\kappa^{2}/\cosh\kappa$ $\kappaarrow+0$ $U[\mu-1, \mu +1]$ .
2.3(ii) . $\kappa=1$ .
$\tau\cosh(x-\mu)+\delta\cosh(m-\mu)=R\cosh(\hat{\mu}_{smap}-\mu)$
. , $R=\sqrt{\tau^{2}+\delta^{2}+2\tau\delta\cosh(x-m)}$ . , Bayes
$\hat{\mu}_{B}=\hat{\mu}_{sma}p=\sinh(\frac{\tau\sinh x+\delta\sinh m}{R}$)
. von Mises .
4.
,
By6 . , $p$ (x; $\mu$ ) $=\exp${ $-d($x, $\mu)$ } $a(x)$ ,
$\pi(\mu.)$ . $d(\hat{\mu},\cdot\mu)$ . $\pi(\mu)$
$\pi(\mu|x),$ (2.2) $\pi(\mu;m, \delta)$ .
Bayes .
4.1 $\mathrm{K}\mathrm{L}(\pi(\mu|x), \pi(\mu;\theta, \rho))$ $(\theta, \rho)$ $(\theta_{m\dot{\iota}n}, \rho_{m1n}.)$ .




$\mathrm{K}\mathrm{L}$ ( $\pi(\mu|x),$ $\pi$ ( $\mu$ ; $\hat{\theta}_{m}$i$n’\rho m$i$n)$ ) $\leq \mathrm{K}\mathrm{L}(\pi(\mu|x), \pi(\mu;\hat{\mu}, \rho_{\min}))$
.
$\rho_{m}$iJ[ $d$ ( $\hat{\mu},$ $\mu)-d(\theta_{m}$i$n’\mu$ ) $|\pi$ ( $\mu|x)$ ] $\geq 0$










4.2 $\hat{\mu}$ $\rho$ ,
$\mathrm{K}\mathrm{L}(\pi(\mu|x), \pi(\mu;\hat{\mu}, \rho))-$ KL $(\pi(\mu|x), \pi(\mu;\hat{\mu}B, \rho_{\min}))$







. , Bayes .
$\log\frac{\pi(\mu|x)}{\pi(\mu\hat{\mu},\rho_{m|n})}.-\mathrm{l}\mathrm{o}\mathrm{g},\frac{\pi(\mu|x)}{\pi(\mu\cdot\hat{\mu}_{B},\rho_{\min})}$
$= \sum_{j=1}^{p+1}$ { $\rho$hj( $\hat{\mu})-\rho_{mi}$nh$j(/\wedge B)$ } $fj(\mu)+$ ( $\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{m}$ constant in $\mu$)
, (4.1) $fi$ (\mu ), ... , $f_{p+1}$ (\mu ) $\mu$ .
$j\in$ $\{$1, . . . , $p+1\}$
$\mathrm{E}[ f_{j}(\mu)|\pi(\mu|x)]=\mathrm{E}$ [ $f_{j}(\mu)|\pi$ ( $\mu$ ; $\hat{\mu}_{B},$ $\rho$mi$n$ )] (4.2)
. , (4.2) , 4.1 $(p+1)$
$\mathrm{E}[ l.(\hat{\mu}_{B}, \mu) |\pi(\mu|x)]=0$ $(1\leq i\leq p)$ , (4.3)
$\mathrm{E}[ d(\hat{\mu}_{B}, \mu) |\pi(\mu|x)]=k’(\rho_{\min})$ (4.4)
. , $(\theta, \mu)=(\partial/\partial\theta_{i})d(\theta, \mu)$ . ,
$(\begin{array}{llll}f\iota_{1,1}(\hat{\mu}_{B}) f\iota_{p_{\prime}1}(\hat{\mu}_{B}) h_{\mathrm{p}+1,1}(\hat{\mu}_{B})\vdots \ddots \vdots \vdots h_{1_{\prime}\mathrm{p}}(\hat{\mu}_{B}) h_{\mathrm{p},p}(\hat{\mu}_{B}) h_{p+1,p}(\hat{\mu}_{B})h_{1}(\hat{\mu}_{B}) h_{p}(\hat{\mu}_{B}) h_{p+1}(\hat{\mu}_{B})\end{array})(\begin{array}{l}\nu_{1}\vdots\nu_{p}\nu_{\mathrm{p}+1}\end{array})=(\begin{array}{l}\gamma_{1}\vdots\gamma_{p}\gamma_{p+1}\end{array})$
. ,
$\nu_{j}=\mathrm{E}$ [ $f_{j}(\mu)|\pi$ ($\mu|$x)] $(1 \leq j\leq p+1)$ ,
$\gamma_{i}=\sum_{j=1}^{p+[perp]}\{f_{j}(\hat{\mu}_{B})h_{j,:}(\hat{\mu}_{B})+h_{j}(\hat{\mu}_{B})f_{j,\dot{*}}(\hat{\mu}_{B})\}$ $(1\leq i\leq p)$ ,
$\gamma_{p+1}=k’(\rho_{\min})+\sum_{j=1}^{p+1}h_{j}(\hat{\mu}_{B})h_{j}(\hat{\mu}_{B})$
. $\nu_{1},$ $\ldots$ , $\nu_{p+1}$ . $\pi(\mu;\mu\hat B,.\rho_{m}:n)$





. $\pi(\mu;m, \delta)$ $m$ $\delta$
. $x$ ,
$\prime P_{x}=\{\pi(\mu)|\mathrm{B}\mathrm{a}\mathrm{y}\mathrm{e}\mathrm{s}\not\in \text{ _{}\backslash }\acute{\mathrm{t}}^{J}\mathrm{x}^{\mathrm{b}}\text{ ^{}arrow}\mathrm{R}^{1}\mathrm{J}\hat{\mathrm{t}6^{\backslash }}_{\mathrm{X}}P\pi(\mu\cdot,m,\delta)\text{ }\acute{\tau_{l}\in}\not\in_{\mathrm{L}}k^{\mathrm{Y}}\mathrm{t}x\sigma^{\backslash }\text{ ^{}\prime}(k^{\iota}\mathrm{r}\text{ }f\mathrm{B}^{\grave{\grave{\mathrm{a}}}}$ $\}$
, r
$P_{x}$ ,
$G[\pi(\mu)]=\mathrm{K}\mathrm{L}$ ( $\pi(\mu|x),$ $\pi$(p; $x,$ $1)$ ) $= \int\{\log\frac{\pi(\mu 1x)}{\pi(\mu\cdot x,1)},\}\pi$($\mu|$x)d$\mu$
$\pi_{*}(\mu)$ . , $\pi(\mu|x)$ $\pi(\mu)$ .
$G[\pi(\mu)]$ . $b$ (\mu )
, . $p(x;\mu)$
$\pi(\mu;x, 1)$ . $G[\pi(\mu)]$ $\pi(\mu)$
, .
4.2 (4.1) # .
5.1 $o\mathrm{p}_{e}$ $G[\pi(\mu)]$ , $\pi(\mu;m, \delta)$
.
$\pi(\mu;m, \delta)$ Bayes $\hat{\mu}B$ and
$k’(\rho_{\min})$ . (4.1) $(\theta, \rho)=(x, 1)$ , $\pi(\mu;m, \delta)$
$\mathrm{K}\mathrm{L}(\pi(\mu|x), \pi(\mu;x, 1))-\mathrm{K}\mathrm{L}(\pi(\mu|x), \pi(\mu;\mu\hat B, \rho_{\min}))$
$=\mathrm{K}\mathrm{L}(\pi(\mu;\hat{\mu}_{B}, \rho_{\min}),$ $\pi(\mu;x, 1))$
.
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